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Resume 

Nous etudions des germes de champs de vecteurs holomorphes singuliers a l'origine 
de C n dont la partie lineaire est 1-resonante et qui admettent une forme normale poly- 
nomiale. En general, bien que le diffcomorphisme formel normalisant soit divergent a 
l'origine, il existe neanmoins des diffcomorphismcs holomorphes dans des "domaines 
sectoriels" qui les transforment en leur forme normale. Dans cet article, nous etudions 
la relation qui existe entre le phenomene de petits diviseurs et le caractere Gevrey de 
ces diffeomorphismes sectoriels normalisants. Nous montrons que l'ordre Gevrey de ce 
dernier est relie au type diophantien des petits diviseurs. 

Abstract 

We study germs of singular holomorphic vector fields at the origin of C™ of which 
the linear part is 1-resonant and which have a polynomial normal form. The formal nor- 
malizing diffeomorphism is usually divergent at the origin but there exists holomorphic 
diffeomorphisms in some "sectorial domains" which transform these vector fields into 
their normal form. In this article, we study the interplay between the small divisors 
phenomenon and the Gevrey character of the sectorial normalizing diffeomorphisms. 
We show that the Gevrey ordrer of the latter is linked to the diophantine type of the 
small divisors. 
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1 Introduction 

In this article, we are concerned with the study of some germs of holomorphic vector fields 
in a neighborhood of a fixed point. More precisely, we shall consider holomorphic non-linear 
perturbations 

n £i 
X = Y,(\x t + f t (x)) — 

i=i ' 

of the diagonal linear vector field s = Y^i=i ^i x i~Sri where n > 2. Hence, the functions fa's 
vanish as well as their first derivatives at the origin. Two such germs of vector fields Xi,X 2 
are holomorphically conjugate (resp. equivalent) if there exists a germ of biholomorphism 
$ of (C" - , 0) which conjugates them (resp. up to the muliplication by an holomorphic unit): 
3>*Xi(y) := -D<J>(<J> _1 (y))Xi(<J> _1 (y)) = X 2 (y). It is well known (see |Arn80| for instance) 
that such a vector field is formally conjugate (i.e. by means of a formal diffeomorphism 
named normalizing diffeomorphism) to a normal form X norm , that is a formal vector field 
which commutes with the linear part s. In coordinates, we have 



Xnorm — ^ ^ 



hVi + Yl a Q yC 
(Q,A)=Ai , 
\ Q&q J 



d_ 

dyi 



the sum being taken over the multiindices Q = (qi, ■ ■ ■ ,q n ) G N n such that \Q\ := gi + 
■ ■ ■ + <Zn > 2 (we shall write Q G N%) and which satisfy a resonance relation (Q, A) := 
qiXi + • • • + q n X n = Aj. The Og's are complex numbers. 

If there exists a monomial x r which is a first integral of the linear part s (i.e. s(x r ) = 0) 
but which is not a first integral of a normal form then the formal normalizing diffeomorphism 
is generally a (vector of) divergent power series (see |Bru72l lMar80 ). We are interested in 



this situation. More precisely, Ichikawa |Ich82j has shown that, if s is 1-resonant (i.e. the 
formal non-linear centralizer of s is generated by the sole relation (r, A) = for a nonzero 
r € N n ), then X has only a finite number of formal invariants if and only if y r is not a first 
integral of a normal form (and thus of any normal form); this is Ichikawa's condition I. This 
means that X has a polynomial normal form. 
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The analytic classification of these objects in dimension two is due to J. Martinet and 
J. -P. Ramis in two seminal articles MR82 ( MR83 . They showed that the divergent normal- 
izing diffeomorphism is in fact summable in some sectorial domain. This means that there 
exist germs of a holomorphic diffeomorphism in some large sectorial domain (with vertex 
at the origin) having the formal diffeomorphism as asymptotic expansion in the domain 
and conjugating the vector field to its polynomial normal form. The counterpart for one 
dimensional diffeomophisms is due to Ecalle-Voronin-Malgrange Vor81 , Mal82 . This study 
was continued in a more general setting (in particular in higher dimension) by J. Ecalle by 
a completely different manner in the article Eca92 . The second author has given a unified 
approach of the two articles of Martinet and Ramis while treating the re-dimensional case 
Sto9Q]. In this situation, he also proved that the formal normalizing diffeomorphism could 
be realized as the asymptotic expansion of some genuine holomorphic diffeomorphism in 
some sectorial domain which normalizes the vector field (in the case of one zero eigenvalue, 
in dimension 3 and without small divisors, the result is due to Martins Mar 92 ). Due to 
the presence of small divisors, the summability property of the formal power series does not 
hold as we already noticed in |Sto96j (there is no small divisor in the two-dimensional prob- 
lem). But, we only had a qualitative approach of this phenomenon. In his article |Eca92| . J. 
Ecalle gave some statements (see propositions 9.1-9.4, p. 136-137) in a more general setting 
with "preuves succintes". One of them is (we refer to his article for the definitions, g(z) is 
a normalizing series): 

"Theoreme 9.1 - Les series formelles g(z) associes a I'objet local X ou f sont 
toujours de classe Gevrey 1 + 5 int + mais pas inferieur en general. " 

In this article, we shall quantify the interplay between the Gevrey property (this 
is due to the "grands multiplicateurs" that Poincare mentions in Poi87 [p.392]) of the nor- 
malizing tranformations and the small divisors phenomenon (compare with theorem 

El. 
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like to thank Jean-Pierre Ramis for his encouragement and also for giving us the exact 
reference in the work of Henri Poincare. We also would like to thank Yann Bugeaud for 
enlightening discussions and references about arithmetics. The first author would like to 
thank the department of mathematics of the Universite Paul Sabatier for several invitations. 

2 Normal form of 1-resonant vector fields 

Let s = Y^i=i ^i x id/& x i be a linear diagonal vector field. 

Definition 2.1. We shall say that s is 1-resonant if there is a monomial x r where r £ 
such that if i £ {l,...,re}, then for all monomials x® such that [s,x^-^-] = 0, we have 
x® = (x r ) l Xi for some nonnegative integer I. 

The resonance monomial x r generates the ring O s n = {/ € C[[xi, . . . , x n ]] \ £ s {f) = 0} 
of first integrals. We shall assume that s is diophantine in the sense that it satisfies the 



3 



Bruno small divisors condition 

H -2^ — — <+0 °' 

fe>0 

where 

u k = mi{\(Q,X)-\ i \ | |(Q,A)-Ai|/0, i = 1, . . . , n, Q £ N n , 2 < \Q\ < 2 fc } . 

Without any loss of generality, we assume that rj^0ifl<i<p and r p+ i = • • • = r n = 
where r — • • • j^n)' shall set p — n if none of the r^'s vanish. Let us define the 
map 7r : C n — > C defined by n(x) = x r . Let !)„ (resp. D n ) be the group of germs of 
biholomorphisms (resp. formal diffeomorphisms) at the origin of C n , fixing the origin and 
leaving the map ir invariant (i.e. ir o $ = %). 

Let k > 1 be an integer and let us define the space £}. (resp. of germs of 1-resonant 
holomorphic (resp. 1-resonant formal) vector fields in a neighboorhood of the origin £ C™ 
of the form : 



i=l i=l i=p+l 



where x r is the resonance monomial and Pj ^'s are polynomials in the variable u, vanishing 
at zero and of degree at most k such that Y^=i r iPi,k{ u ) = w hh /? £ C*. The /j's and 
^fj's are germs of holomorphic functions (resp. formal power series) in a neighbourhood of 
such that 2^f=i r ifi( x ) = 0- We shall say that elements of (resp. £&) are well prepared 
vector fields. We recall that a vector field X is holomorphically equivalent to Y if it is 
holomorphically conjugate to Y up to multiplication by a unit of O n . 

Proposition 2.1. [Sto 96] [proposition 3.2.1] Any germ of a 1-resonant vector field satisfying 
the Ichikawa transversality condition (I) and (uj) is holomorphically equivalent to a well 
prepared germ. This means that there exists an integer k such that X is equivalent to an 
element of S^. 

Proposition 2.2. [Sto 961 [proposition 3.2.2] Let X £ £ k be a well prepared formal vector 
field of the form 

i=l i=l i=p+l 

Then there exists a unique formal diffeomorphism <fi £ D w tangent to the identity at zero 
such that 

n d 

fax = E vi( x i + Pi,k(y r ))g-- 

i=i y % 

Let a £ C n such that (r, a) ^ 0. Let £t,x,a C be the set of germs of well prepared 
holomorphic vector fields at the origin of the form: 

d 



Y, (*i(Ai + a t (x r ) k ) + (x r ) k h(x)) — , (1) 



i=i 
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with Yli=i r i a i =: P ® an d fi( x ) = Xifi{x), 1 < i < p, where the /j's are germs of 
holomorphic functions in a neighbourhood of G C n . Moreover, they satisfy Yli=i r ifi( x ) = 
0. Let 

n d 

i=l % 

be the normal form of such a vector field. 
Let us make the following assumptions: 

• (H[) all the eigenvalues Aj have a nonnegative imaginary part and if zero is not an 
eigenvalue then there are at least two real eigenvalues. 

• {H' 2 ) there exists Aj G R* such that 

minRe (—- ^L^il] > q 

i^io \ /S \i [3 J 

where the minimum is taken over all indices i ^ io such that A, G K. 

• (#3) if Aj is not real then /, = Xifi where fi is a germ of a holomorphic function at 
the origin. 



We shall call sectorial domain a domain of C n of the form: 
J D5,(p, J R) = (yGC n 



argy - -vr(j + - y 



< ^ - e,0 < \y r \ < p, \yi\ < R for % = 1, . . . ,n| 



where p, R > 0, < e < 7r//c and < j < 2k — 1 is an integer. 
Stolovitch has shown the following result 

Theorem 2.1 (Sectorial normalization). ' L Sto96l ' [Theoreme 3.3.1] Let e < ir/k be a 
positive number and let X belong to £k\a- Under assumptions (H[), {H' 2 ) and (H' 3 ), for 
any even integer < j < 2k — 1 there exists a local change of coordinates x% = yi + (jrAy), 
i = 1, ...,n, tangent at the identity, holomorphic in the sectorial domain DSj(p,R) with 
p, R sufficiently small, in which the vector field Q can be written as 

/ \ 8 



* = 2>(> + *foT) (2) 

i=l y * 

This change of coordinates preserves the function x r . Each function (jp- admits the formal 
power series <pi as asymptotic expansion in y r in the sense of Gerard-Sibuya in the domain 
DSj(p,R). Here, Xi = y% + <pi{y), i = 1, . . . ,n, is the unique formal coordinate system in 
which the vector field X is in its normal form © . Moreover, if all the eigenvalues are real 
then the result holds also for j odd. 

We refer to definition 13.21 in the next section for the notion of asymptotic expansion in 
the sense of Gerard-Sibuya. The proof of this theorem reduces to the proof of the sectorial 
linearization of the non-linear system with an irregular singularity at the origin 

f3z k+1 ^ = x i (\ i + a l z k ) + z k fi(x) i = l,...,n. (3) 
dz 
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By sectorial linearization, we mean that there is a change of coordinates x% = yi + g%(z, y), 
i = 1, . . . , n, holomorphic in S x P , where S is a sector in C with vertex at (variable z) 
and P a polydisc centered at G C n (variables y) in which the system can be written as: 

(3z k+1 ^- = y l (\ l + a l z k ) i = l,...,n. (4) 

In |Sto96j ^ it is shown that the function 4>i(y) is nothing but gi(y r ,y). Moreover, the g^s 
have an expansion at the origin of the form 

9i(z,y) = Yl 9i,q(z)v Q (5) 
QeN™ 

where the 5i,g's are holomorphic functions in S. 



3 Gevrey functions and summability 

Here we recall some definitions of Gevrey asymptotics and summability which will be used 
further on (for more details see Mal95, BalOO, Ram93, RS ). 

Definition 3.1. A holomorphic function f in an open bounded sector S with vertex in 
C is said to to admit an asymptotic expansion of Gevrey order s > (resp. in the sens of 
Poincare) if there exists a formal power series f = ^JLo fj z3 such that for every compact 
subsector S' of S U {0} there exist positive constants A and C such that for all z G S' and 
N G N 

N-l 

\f{z)-Y J f^\<CA N T{l + Ns)\z\ N , 

3=0 

where T(x) is the Gamma-function (resp. CA N T{\ + Ns) is to be replaced by a unprecised 
constant Mn )■ Such a function f will be called an s- Gevrey function on S or shortly f is 
s- Gevrey on S. 

Equivalently: a holomorphic function / on S is s-Gevrey on S if all derivatives of / are 
continuous at and if S' is as above then there exist positive constants A and C such that 
for all N € N and all z £ S': 

±\^\<CA»m + N s ). 



Definition 3.2. \MRH 6 A \U579jl Let f = Eqsn™ /q( 2 ) x<? g C[[z,x 1: . . . ,x n ]} be a formal 



power series. We shall say that an analytic function f on S \ {0} x A ( S C C is an open 
sector and A C C n an open polydisc centered at G C n ), f(z,x) = X^Qsn" fQ( z ) x ® admits 
f as asymptotic expansion in the sense of Gerard-Sibuya in S \ {0} x A, if each 
function /q(z) admits /q(^) as an asymptotic expansion in the sense of Poincare, in the 
sector S and for every compact subsector S' of S U {0} ; every compact subset A' of A and 
every N G Ni there exists a constant K such that 

\f(z,x)- fQ{z)x Q \ < K\x\ N for all (z,x) e S' x A'. 
\Q\<N 
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Definition 3.3. // k > and f is 1/k-Gevrey in a sector S with opening > ir/k then f is 
k-summable in the direction of the bisector of S and its k-sum on S is f. In this case f is 
uniquely determined by f and we say that f is a k-sum on S. 

The notion of summability is due Borel and generalized by Ramis (cf . Ram80 ) . 

Suppose that / is a holomorphic function on S x P„(0, r) (where S is as above and 
P n (0,r) is the open polydisc in C n with center and radius r). Then f(z,x) is said to 
be s-Gevrey in z on S uniformly in x on P n (0,r') for some r' G (0,r) if there exists a 
formal power series f(z,x) = Y^jLo w here the coefficients fj{x) are holomorphic on 

P n (0,r') such that for every compact subsector S' of S U {0} there exist positive constants 
A and C such that for all z G S', all x G P n (0, r 1 ) and all N G N: 

N-i 

\f(z,x) - £ f,(x)^\ < CA N T(l + Ns)\z\ N . (6) 

3=0 

The latter condition is equivalent to the existence of A, C, r' as above such that for all 
z 6 S', all x G P n (0, r') and all JV6N: 

1 t d N f(z,x)^„ AN 



N\ 1 dz N 



< c^ iV r(i + Ns). 



If the opening of S is > its then f(z,x) is 1/s-summable in z on S uniformly on P n (0, r') 

(cf. jHMi). 

Remark 3.1. If f(z, x) is s-Gevrey in z on S uniformly in x on P n (0, r') then f(z, x) is also 
s-Gevrey in (z, x) on SxP n (0, r") for some r" £ (0, r') in the sense that for every S' as above 
there exist positive constants A and C such that for all N 6N and all (z, x) G S' x P n (0, r"): 

\f(z,x)-f( N - 1 \z,x)\<CA N T(l + Ns)\\(z,x)\\ N . (7) 

Here f l ^ N ~ 1 \z,x) denotes the (N — l)-jet of f in G C n+1 and ||.[| denotes an arbitrary 
norm on C n+1 . 

Proof: We have fj(x) = jj£jf(0, x) and therefore \fj(x)\ < CA*T(l+js) for x G P„(0, r'). 
From this and Cauchy's formula it follows that for sufficiently small 5 > and all Q £ N": 

^l^/i(o)l<^r(i+j.)ri«i. 

Let 



N ~ 1 i f)Q 

j=0 |Q|>JV-j ^' 



Then it follows from Q that 

|/(z,x) - / (7V - 1} (z,x) - R N (z,x)\ < CA N T(l + Ns)\z\ N (8) 
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and 

N-l 

\R n (z,x)\<CJ2 A j T(l+js)6^ Ql \z j x Q \ 

j=0 \Q\>N-j 



Using 



t{Q e :i": \Q\ - m} ■■[ n + ™ ' ) < 2 n+m ~ 1 an 



we obtain for \x\ < <5/4 and 5 < 2/A: 



N-l 



\Rn(z,x)\ <C2 n ~ 1 s ^(A\z\yT(\+js)(2\x\lb) N -\\-2\x\lb)- x < 



j=0 

< C2 n+N 5- N T{1 + (N- 1» uUl '■'" V "' 



JV-1 

|z| J |x| 

From this and Q the assertion follows. □ 
Let r € N n a nonzero multiindex and let p : C n — > C n+1 be the map defined to be 

/9(x) = (X r ,x). 

Definition 3.4. ^MR83l[p.6] Let f E C[[x]] 6e o formal power series in C n (resp. smooth 
function in some domain). We shall say that f is k-summable (resp. a Gevrey function) 
in the monomial x r if f € p*C{x}{z}f c , that is f is the pull-back of a formal series (resp. 
smooth function) g(z,x) which is k-summable (resp. a Gevrey function) in the variable z 
in some sector, uniformly in x on a polydisk. 

Let k > and let d denote a direction in the complex plane. We define the Borel 
transform of order k in the direction d as 



B k f{t) := / f(z)e^ k d(z 



Here we assume that / is holomorphic in a sector S = {z € C* : \z\ < p, \d — argz| < a} 
where p > and a > it /(2k) and 7^ is the path from along the ray argz = d — a\ till 
\z\ = p\ then along the circle \z\ = pi to the ray arg z = d + oc\ and then back to the origin 
along this ray. Here < pi < p and n/(2k) < at < a. If / = Yl"^=i fnZ n is a formal power 
series, then the formal Borel transform of order k is defined as the power series 

71=1 v ' ' 

where T(x) is the Gamma-function. We define the Laplace transform of order k in the 
direction d (inverse Borel transform) as 

roo:d 

Cj{z) := / f{t)e-^^d(t k ). 
Jo 

An equivalent definition for /c-summability in a direction d is: 
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Definition 3.5. ' L Ram80, Ram93l A formal power series f at the origin of the complex plane 
will be said to be k-summable in the direction d if its formal k-Borel transform defines a 
holomorphic function in a neighborhood of the origin which can be continued holomorphically 
in some small sector bisected by the direction d and is of exponential growth of order at most 
k at infinity. In this case, the function C k oB k f is holomorphic in a large sector bisected by 
d and of opening > n/k. Moreover, this is the unique function which admit f as asymptotic 
expansion in this sector. 

Another equivalent definition has been given by Tougeron as follows: Let 77, R be positive 
numbers and let k > 1/2. Let S(n,R) denote the sector 

Sd,n/k(v,R) ■= {z G C* I \&rgz-d\ < ^ +77,0 < \z\ < i?} . 
Let 9 > 0. Let us define the sectorial neighborhood of the origin of order q to be 

S q ,d,Tr/k,e(ri,R) := jz € C I |*| < j^Yf} u S d,n/k(v,R) 

Theorem 3.1 (Tougeron's definition of summability). l 'Tou94l A function f is a k- 
sum in the direction d if and only if it has a representation as a sum X^g"=^o fi of functions 
f q , each of which is holomorphic in the sectorial neighborhood S d 7r / k l / k (rj, R) and satisfies 

Wfi\\s q>d ^ /k , 1/k (v,R) : = SU P ^ C P 9 > 

for some constants rj,R,C,p independent of q. 



4 Main results 

Our first main result shows that a series of functions defines a Gevrey function on a sector 
if the Borel transforms satisfy good estimates in some well chosen domains. 

Let k be a positive integer, a and j3 real numbers with a < [3. Define for < e < 
(P-a)/2,p>0: 

S e (p) = {z g C* I a + e < argz < - e, \z\ < p}. (10) 

Theorem 4.1. Let k,a and (3 be as above with (3 — a > ir/k. Let p > 0, R > 0. Suppose 
g(z,y) = X^qgn™ 9q{ z ) v ® i- s a scalar-valued holomorphic function in So(p) x P n (0,R). 
Moreover, suppose (Bk9Q)(t) exists and is holomorphic in A m := Pi(0,cm~ 7 ) and satisfies 

\(B k g Q )(t)\ <K m m A m , if m = \Q\ > 1, (11) 

where 7 > and c and K are positive constants. 

Then for all e £ (0, (/? — a)/2) the function g(z, y) is a Gevrey function of order 7 + ^ in 
z in S e (p') uniformly in y in P n (0,R') for some p' G (0, p) and R' G (0, R) both depending 
on e. Moreover, if < 7 < — ^ then g{z,y) is a k ^ +1 -sum. 
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Definition 4.1. We shall say that the linear part s = X^Li \xid/dxi is diophantine of the 
type 7 > if there exists c > such that, for all Q € N?? , for all 1 < i < n then 

\(Q, A) - Ai| > unless (Q, A) - A, = 0. (12) 

Our second main result gives the Gevrey property of a sectorial normalizing tranforma- 
tion of a well prepared vector field. 

Theorem 4.2. // the linear part of (0) is diophantine of type 7 > and the assumptions 
of theorem \2.1\ are satisfied, then the sectorial normalizing biholomorphisms defined 
by theorem \2.1\ are Gevrey functions of order (1 + ~f)/k in the resonance monomial x r . 
Moreover, if "f = then the formal normalizing transformation is k-summable. 

Remark 4.1 (Important remark). Using theorem \4-l[ we could show that if < 7 < 
1, then the formal normalizing transformation is -^-summable. Nevertheless, we should 
emphasize that there is no A € C" which satisfies 11 12\ with 7^ 7 < 1. This was pointed out 
by Yann Bugeaud who refers to \Sch7by . However, for a fixed non zero A G C, there are 
infinite sequences of multiindexes {Q m } such that \(Q m , A) — Aj| > | q C ^ with 7^ 7 < 1 
unless (Q m ,A) — Aj = . Hence, if it happens that, in our normalization process, the sole 
monomials that appears in the Taylor expansions of our objects belong to such a sequence, 
then we will obtain the claimed summability property. 

It is a remarkable fact that we obtain the summability property even when some singu- 
larities accumulate at the origin in the Borel plane. This is due to the slow rate (7 < 1) 
at which this accumulation occurs. The fact that there are no A which satisfies ^12\ with 
7 < 1 has nothing to do with this phenomenon. It is just an arithmetic property. 

In fact, we show that (pi(y) = gi(y r ,y) where gi{z,y), given by (J5J), is shown to be a 
Gevrey function in z in some sector at the origin of C, uniformly in y in a polydisk centered 
at the origin in C n . 

As far as we know, it is the first time that such an interplay between the rate of accumu- 
lation of small divisors at zero and the Gevrey character of the normalizing transformation 
is characterized. In other situations, such an interplay seems to be guessed (see for instance 
|Sim94lll^cn2lllLn5j ^ 

We can show that the formal fc-Borel transform of g%,Q(z) has no singularity in the disc 
centered at the origin and of radius r < inf |p|<|Q|{|(P, A) — Aj| 7^ 0}. This is the main reason 
for which the g^s are fc-sums when there are no small divisors (i.e. there exists c > such 
that for all P E N2, \(P, A) — Aj| > c if the number on the left hand side is not zero). In fact, 
the Btgi^s are holomorphic on the same disc centered at the origin and of radius c/2 (it 
is easy to show that the gt t Q have asymptotic expansions g^g which are l//c-Gevrey power 
series). In particular, this is the case in dimenson 2 MR82, MR83 . Our main result will 
quantify the interplay between the small divisor phenomenon and the Gevrey character of 
the normalizing transformation. 

As in the proof of theorem l2.ll Sto96 [p. 132-135], the main theorem reduces to the proof 
of the Gevrey character (in the variable z, uniformly in the variables x) of the linearizing 
transformation of the associated non-linear system Q with an irregular singularity at the 
origin. The proof of this fact relies on theorem 14.11 which proof is postponed to the end of 
the article. 
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5 Proof of theorem 14.21 

In the same way as the proof of theorem l2.1l reduces to the proof of the sectorial linearization 
of the non- linear system @, the proof of theorem 14.21 reduces to the proof of the Gevrey 
character of the sectorial linearization of (j3J) (see section • It is sufficient to consider the 
case /3 = 1 in ©. We will consider a little bit more generally: 

z k+1 ^ = (A + z k A)x + z k f(z,x), (13) 
where A = diag{Ai, . . . , A n }, A = diagjai, . . . , a n } and 

a convergent series for \x\ < pi, \z\ < p2 and the coefficients fj(z) are C n -valued holomorphic 
functions for \z\ < p2- 

We introduce the following hypotheses: 

• (Hi) the eigenvalues Aj are not all and all have a nonnegative imaginary part, 

• (H2) if there are real eigenvalues Aj then either these are all and then 3?aj > or 



there exists Aj € R* such that 



A; 



min Re a, — ; — a; n > 



„ 4 t-u, 

where the minimum is taken over all indices i ^ iq such that A, G R. 

• (H3) if there exists a resonance relation (Q, A) = Aj for some Q G N£ then on — (Q, a) 
N. 

• (H4) if Aj is not real then fi/xi is holomorphic in a neighborhood of the origin. 

• (H§) there exists r = (ri, . . . , r n ) S N™ such that if2T={l <i<ri|r^7^0} then 

- Vi G I, /j = Xj/j and /j is holomorphic in a neighborhood of the origin. 

- Y,iei r ifi = °- 

Let 

S j (e,p) = {zeC*\\ a rgz-^(j + ~)\ <^-e,\z\<p} (14) 

where p > 0, j = 0, . . . , 2k — 1 and < e < 7r//c fixed. 
Then 

Theorem 5.1. Assume that hypotheses (Hi), (H2), (H3) and (H4) are satisfied and that A 
is diophantine of type 7 > 0. Then for even j with < j < 2k — 2 there exists a unique 
change of variables x = y + g 3 (z, y) with g 3 (z, 0) = 0, D y g J (z, 0) = which transforms il'A) 
into 

z *+i^ = (A + «*A)y > (15) 
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and where g 3 (z,y) is a Gevrey function of order (1 + j)/k in z in Sj(e,p) uniformly for 
y € P n (0,R) for all e in (0, Tr/(2k)) and positive numbers p and R depending on e. 

7/7 = then gi(z,y) is k-sum of g(z,y) in the direction f (j + ^) where g(z,y) is the 
asymptotic expansion in z of g(z,y). 

If all Xh are real then these statements also hold for odd j with 1 < j < 2k — 1 and 
direction tt/2 replaced by —tt/2. 

If condition (H5) is satisfied then x r = y r . 

Except for the Gevrey property this is theorem 2.7.1 in Sto96 . However, the Gevrey 
property follows from theorem 14. II once condition (|llj) has been verified and then theorem 
1,5.11 follows. For simplicity, we shall verify this condition first in the case k = 1. We shall 
indicate at the end of the section the changes in the proof in case k > 1. Moreover, it is 
sufficient to prove the theorem only for the case 7=0 since the other cases may be obtained 
from this by a rotation of the independent variable z. 

In the next two subsections we derive properties of and estimates for the Borel transform 
of the coefficients gQ(z) in the expansion @ on So x P n (0,R). Here <?q is holomorphic on 
S :=S (e,p) (cf. (d). 

5.1 Properties of the Borel transform of gq in case k = 1 

The function g satisfies 

z2 ^9(z, y(z)) = (A + zA)g(z, y{z)) + zf{z, y + g(z, y(z))) (16) 

together with 

z 2 ^ = (A + zA)y(z). 

From the series expansion for g{z, y) and Cauchy's inequality it follows that there exists a 
positive constant M such that 

\g Q (z)\ < MR~W,z e So = S (e,p). (17) 

Let g ei := ei for I = 1, . . . ,n, where e; := (5i ; i)i<i< n with 8^1 = if i ^ I and 1 otherwise. 
Then 

f(z,y + g(z,y)) = £ £(*)( £ g Q {z)y^y 

and so 

f(z,y + g(z,y))= £ y%(z) (18) 

where 

n ji 

E f 3 (z)T,'\{\{(g ilq {z)) h zeSo. (19) 

2<b'|<|Q| l=lq=l 

Here (v)i denotes the Zth component of a vector !)6C", and ^ denotes that the sum has to 
be taken over all i\ A G N™ such that XX 1 Ef=i^,g = <2- So 1 < |i Zj(? | < \Q\-\j\ + l < \Q\-\ 
and iQ = if \Q\ < 1. From this and (HHJ it follows that for QeN^: 

z 2 9q(z) + (Aq + za Q )g Q (z) = ^q(z), (20) 
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where Xq := (A, Q) - A, ag := (a, Q) — A, a = (a%, . . . , a n ). 
Let wq := z\ Q \g Q . Then it follows from (J2DJ and (JT2J) that 

z2w 'q( z ) + ( A Q + z Pq)wq(z) = zuq(z), (21) 
where (3q := clq — \Q\ld and 

n ji 

u Q {z) := z WtQ{z) = ZiWS'IIIlK-W)' 

2<|i|<|Q| 1=1 g=i 

since in J]' we have ^"=1 S?=i %q = Q- 

Let Gq := BgQ, Wq = Bwq and Uq = Buq. These functions exist in S' := {t E C*|2e < 
argi < 7r — 2e} and in a neighborhood of the origin since Qq{z) is a series of Gevrey order 
1. Moreover, W Q (t) and U Q (t)) are O^l" 1 ) on 5' since wq(z) = O(z^). Furthermore 

d m 

G Q (t) = ^W Q (t) where m = \Q\. (22) 



Since w ei = zg ei = zei and Bz = 1 we have W ei = ei for / = 1, . . . , n. 

We apply the Borel transform to both sides of (|2Tj) . Since B(z 2 -^WQ(z))(t) = tWg(t), 
we obtain from (|21|) 

(t + Xq)W q + P q *Wq = 1*U q (23) 

where 

n ji 

u Q = E (/#) + (^*) s 'n*n^> ( 24 ) 

2<U|<IQI ' =1 <? =1 

Here, * denotes the product with respect to the convolution product (see also [Cos98 
BraOl ). Differentiating l|23|) we get 

(t + \ Q )W Q + (l + P Q )W Q = U Q . (25) 

5.2 Proof of condition in case k = 1 

Define for m E Ni 

p m := min{|(P, A) — Ay| | P E N", |P| < m, j = 1, . . . , n, (P, A) + A,}. (26) 
The diophantine condition (|12() implies that there exists a positive constant c such that 

> cmT 1 . (27) 

First we prove 

Lemma 5.1. Ug(t) and Wq(£) are holomorphic for \t\ < p m and have a zero of order at 
least m— 1 a£ 0, where m = \Q\. 
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Proof: For m = 1 we have W ei = ei, U ei = 0. Next suppose that the property holds for 

some m > 1. Let PEN™ with |P| = m + 1. Since t a_1 *t b ~ 1 = B(a, 6)i a+fc_1 we may deduce 
from (|2"i)l that Up(t) is holomorphic for |i| < p m and has a zero of order m at 0. If \pj ^ 
then 1)25(1 implies that Wpj is holomorphic for \t\ < p m +i an d has a zero of order m at 0, 
whereas if Xp t i = then using (#3) we may construct a formal power series solution of the 
Zth component of (|25[) with a zero of order m at and this series converges for \t\ < p m 



since is a regular singular point of (|25j). □ 
From hypothesis (# 2 ) we deduce 

Lemma 5.2. There exist mo E F% and 8q > smc/j Z/taZ /or aZZ Z E {1, . . . , n} 

»((a, Q) - a,) > 5 •/ (A, Q) = A,, |Q| > m . (28) 



Proof: We may order the Xj such that Xj E K if j < q and SJAj > if j > q. Let Q' arise 

from Q by replacing the last n — q components by and let Q" := Q — Q'. From (Q, A) = A; 
it follows that Q(Q" , A) = 3^. Since min{9Aj|j = q + 1, . . . ,n} > if q < n we see that 
there exist positive constants M\ and M 2 such that 

\Q"\ < Mi, |(Q', A) I = |A, - (Q", A) I < M 2 . 

First suppose that there is an index i < q such that Aj 7^ 0. Let 5\ be the minimum of 
the lefthand side in hypothesis (H2). Let P = Q' — Qi ei ,Po = Ko!i /Aj . From hypothesis 
(H 2 ) it follows that 3?(P, a) > \P\ £1 + (P, A)p and therefore R(Q', a) > |P|5i + (P, A)p + 
Qi 5?a io = |P|5i + (Q', A)p - Hence 

sft(Q,a) > |P|Ji + (Q',A)p + > |P|£i - M 2 |p | - Mi|a|. 

Let M 3 > (M 2 |p | + (Mi + l)|a|)/$i. If \P\ < M 3 then since Q io A io = (Q',A) - (P, A) we 
get \Q io \ < (M 2 + M 3 |A|)/|Aj | =: M 4 and so \Q\ < M 3 + M 4 + M a =: M . Therefore if 
|Q| > M then |P| > M 3 and »((Q, a) - a/) > M 3 <5i - M 2 |p | - (Mi + l)|a| =: 5 > 0. 

Next suppose that A, = if i < q. Then 5ftaj > for i < q. Let 5 2 = minj< g 5ftai. So 
<5 2 > 0. It follows that $1{(Q', a) - a t } — > 00 if |Q'| — >■ 00. Since |Q"| < M x we also have 
»{(Q,a) -a/} -> 00 if |Q| -» 00. □ 

We will give estimates of Wq in a neighborhood of in terms of 

Rm(t):= . n , , m E Ni- (29) 
(m — 1): 

Lemma 5.3. There exist positive constants Kq and c$ with cq < 1 swc/j ZZiaZ for all Q E N n 

|W (i)| < K^-M*) »/m = \Q\, \t\ < c oPm . (30) 

Proof: We choose cq E (0,1) as follows. Let pqj = \Q\~ 1 ({Q, a) — ay), I = l,...,n. Then 

there exists a constant M > such that |pQ,i| < M for all Q E N n and all I E {1, . . . , n}. 
Now choose cq so small that 5?^nrf > for all \t\ < cq and all p E C such that \p\ < M. 
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From lemma UTTl it follows that there exist positive constants pg such that 

\W Q (t)\ <H Q R\ Q \(t) if |t| < cop lQ{ (31) 

for all Q 6 N". We choose these constants first for all Q with \Q\ < mo, where mo is given 
in lemma IS~21 For \Q\ > mo we determine suitable fiQ by means of a recurrence relation. 
Suppose //q have been determined for 1 < \Q\ < m such that (|3l|) holds for these Q. Here 
we assume that m > mo- 

We first estimate \Uq\ for |Q| = m. There exists a positive constant K\ such that 

\Mo)\<^ ] A(Bmt)\<K^ 

for all t G C with \t\ < p\ and j € N. From (|24|) it follows that for all \t\ < cop m -i we have 

\j\ 

\u Q (t)\< Yl K^i+i^'jjH^R^m^ 

2<|?'|<|Q| 9=1 

(32) 

(i+pi) ^ ^ | «| Q |(os"n^> 

2<b"|<|Q| 9=1 

where in we sum over i q G N™ with *g = <3- Using © we obtain for all \t\ < cop m -i 

and \Q\ = m > 2 

\Q\ h 

\U Q (t)\ < u Q R rn {t) where vq := Cl £(2^5]" ft ci : = (1 + pi)2™" 1 . (33) 

h=2 9=1 

We will use this estimate in an integral representation of Wq for \Q\ > mo which follows 
from (j2SJ): 

W Q j(t) = (t + X Qtl )~ 1 -^ f{s + X Q ^U Q ^s)ds,l = l,...,n. (34) 



From now on we will fix Z £ {1, . . . , n} and delete the index Z. 
First we suppose Xq = 0. From (|34j) and ^3*)) we obtain 



t „ „m— 2 



-i 



if \t\ < cop m -i. With lemma we see that (|31|) holds with \iq > S 1 vq. 

Next suppose Xq ^ 0. Let t = Xqt and vq(t) = Uq(t) / R\Q\(t) . So \vq(t)\ < vq if 
| T [ < | Aq I copm-i- We subsitute s = Xqct in (|34*|) with |Q| = m. Since /3q = m(pQ — 1) 
we obtain for all \t\ < cop m -i 

1 gwi -(m-l)!7 ] t{1 + t)pq~ iJ y l + r J 1 + r 1 v ; 
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Let h(a) := log{<r(l + cr) p< 2 1 }, so that the first factor in the integrand equals exp{(m — 
l)(/i(cr) — h(r))}. Then h'{a) = ■ Due to the choice of cq made above we have 

sjji+l^ > q for aU q € N n if | CT | < Cq _ Hence sft|^^^ T )} = sfti+P^ > if |r| < c ,0 < 

£ < 1 and consequently K(/i(«r) - /i(r)) < if cr G [0,r), |r| < c for all Q G N§. It follows 
that there is a positive constant C2 independent of Q and t such that 

|Wg(t)| < R m (t) [ T \{\^-) PQ - l ^\^Q < c 2 v Q R m {t) (36) 
Jo 1 + T 1 + r 

if \Q\ = m, \t\ < Co minjlAgl, p m _i}, so in particular for \t\ < cop m . Enlarging c 2 such that 
C2 > Sq 1 we define /jq = C2VQ implying estimate (|3*Tj) for both cases Xq = and Xq ^ 0. 
Thus with (|33|) we obtain the recurrence relation 

101 h 

m = cic 2 ^2(2K 1 ) h E" H p iq if \Q\ > m (37) 

h=2 <?=1 



with E" as before. 
Define formally 



F{x) := VQ xQ ' x 6 



Let C1C2 YlhL2(2KiF( x )) h = X^QgN™ ^Q x< ^ formally. From (|3*7|) we may deduce that jjQ = 
Hq if \Q\ > rriQ. Hence F — c\C2{2K\F) 2 {1 — 2K\F)~ l = F\ where Fi is a polynomial in 
x of degree < m,Q and Fx(0) = 0. This quadratic equation for F has a unique holomorphic 
solution F = Fi + 0{Ff) as Fi -> 0. So the formal series F(x) converges in a neighborhood 
of the origin and consequently there exists a constant Kq > such that /xq < for all 

Q G Nf . This implies ®. □ 

Corollary 5.1. Lei Q G N™ and m = |Q|. There exists a positive constant K such that 
BgQ = Gq satisfies 

\G Q {t)\ <K m if\t\ <p m /2. (38) 

Proof: Let t be as above and C the circle with radius p m /2 and center t. From Cauchy's 
theorem, fl22J) and (J30J) it follows that 

|GQ(t)l - 2^ 7c 1 ds| - mlK ° Jm~^Ty. {pm/2) ' 

which implies ()38[). □ 
Hence (jllfl holds. So the assumptions of theorem 14. II with q = — ir/2 and /? = 3n/2 are 
satisfied and theorem 15 . II follows in case k = 1. 
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5.3 Proof in case k > 1 

As before we only need to prove the Gevrey property of the normalizing transformation 
g(z,y). It is sufficient to consider the case j = only. 

With the coefficients <?q in © -which are holomorphic in Sq- we now associate wq(z) = 
z k \Q\gQ(z) and uq(z) = z k ^tQ(z). Now instead of ((2Tj) we have 

z k+1 w' Q {z) + (Aq + z k p Q )w Q (z) = z h u Q {z), where /3q = a Q - k\Q\Id. 

Let the operator o~k be defined by (ak<p)(z) = (f){z l l k ) and define wq = o^wq^q = 
Vk9Q,UQ = (TkUQ. Then 

wq = z^g Q , kz 2 w Q (z) + (Aq + z(3 q )wq{z) = zuq(z). (39) 

Let Gq = Bcjq, Wq = Bwq, Uq = Buq. Then instead of we now have 

(kt + \ Q )W' Q {t) + (k + P Q )W Q (t) = U Q (t), 

and instead of lemma PTTI we now have that Uq and Wq are holomorphic functions of t^' k 
for \t\ < p m /k and both are 0(i m_1 ) as t — > 0. In lemma 1^3*1 we have to replace Wq by Wq 
and the condition on |t| becomes |t| < cop m /k. 

Corollary 15. II now becomes: 
The k-Borel transform BkgQ(t) = GQ(t) is holomorphic for \t\ < cipll k and |Gq(£)| < K m 
on this set. Here c\ and K are positive constants and m = \Q\. 

Proof: From the definition of the Borel transform it follows that Gq = o^Gq and therefore 
G Q (t) = G Q (t k ). Let p' m := c p m /k. If \t k \ < p' m then 

W Q (s k ) 



where C is the positively oriented circle \s\ = {p'm) 1 ^ ■ From (|3U|) we deduce that if |t| < p' m 
then 

d m 1 f d m 

«>(«) = w = ^ I W&i- - > 1/k r^- 

There exists K \ > such that 
, d m 



l dt r 



(s - t 1 ^)' 1 ] < m\K™\s\- km - 1 if \t\ < \s\ k /2 



for all m € N and s / 0. This follows easily by substituting t = s k u. Using this estimate and 
the /^-version of lemma in the preceding integral we obtain \Gq{€)\ < m(KoKi) m / p' m if 
\t\ < p' m /2 an d since Gq{€) = GQ{t k ) this implies the corollary. □ 
Hence the assumptions of theorem 14. II are satisfied with a = —ir/(2k) and (3 = 3ir/(2k) 
if we replace 7 by 7/fc and theorem 15. II follows in case k > 1. 
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5.4 Proof of theorem 14.21 from theorem ISTTl 



The argument is the same as in the proof of theorem 4.3.1 in |Sto96| . For the convenience 
of the reader we give the sketch of it. 

To a well prepared holomorphic vector field X 6 £k,\, a of the form (^Q) with (3 = 1, we 
associated a germ of holomorphic vector field X in (C n+1 ,0) 

X = J2 (^(Ai + mz k ) + z k f l (x)) A + z k+l ^-. 
i=i 1 

It it tangent to the germ of variety E = {z = x r } at the origin and its restriction to it is 
equal to X. To X, we associate a non-linear system with irregular singularity at the origin 

z k+1 ^ = x i (X i + a l z k ) + z k f l (x) i = l,...,n. (40) 

If the assumptions (-Hi)j=i,,..,4 are satisfied then we can apply theorem l5.ll Since the original 
vector field is well prepared, system (jI0*|) satisfies condition (H5). Hence, the sectorial 
linearizing diffeomorphisms x = y + g J (z,y) preserve the monomial x r . Therefore, we can 
restrict the associated vector field of C n+1 as well as the sectorial diffeomorphisms to E. 
We obtain that x = y + g J (y r , y) transform X = to 

n d 

and have the good Gevrey properties. As already noticed in remark 4.3.1 of |Sto96j . we can 
associate different X to X. Each of them differs from the others by a vector field vanishing 
on S and gives rise to a set of linearizing sectorial diffeomorphisms. The point is that, 
althought these sets depends on the chosen X, their restriction to E don't. Hence, the 
Gevrey property makes sense. 



6 Proof of theorem 14.11 

6.1 Estimates for Gq 

Let p m := cmT 1 for m G Ni and Gg(t) = BkgQ(t). From the properties of g(z,y) we 
deduce that (|17j) holds on Sq := Sq(p) (cf. (|l()jl) and that Gq is holomorphic on Si := 
{t G C*\a + rn; + ei < argt < (3 — Sr — ei}. Here we choose ei sufficiently small: < ei < 
7r/(4A;),ei < (/5 — a — n/k)/2. Since Gq{£) is holomorphic for |t| < p m and satisfies pip. 
Cauchy's inequality shows that 

l-^T-l < K m (p m /2)- N if |t| < p m /2. (41) 
Next we estimate Gq(t) for t E Si. For these values of t we have 



G Q (t) = ^-^e tks g Q (s~ 1 / k )ds 
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where T is a contour consisting of the arc Tq of the circle \s\ = p~ k in the sector | arg(i fc s)| < 
7r/2 + ke\ and the two half lines T± consisting of the part of the rays &rg(t k s) = + ke\) 
outside this circle. Hence 

G { oHt) 1 f 1 d N # 1/b 



N\ 2m J T N\ l dt N 

Here 



1 d N tk 1 f exp{i fc (l + <r)*s} 



'Mdt* 1 - 2vr 7 w=/i ' t^+i 
We choose /i G (0,1) such that | arg(l + a)\ < ex/2 for \a\ = fi. Thus we obtain for 
I flh lW etks \ ^ e u PP er bound exp(|i|(l+ f-i) / p) k for s € To and the upper bound exp{— |t| fc (l- 
p) k \s\ sin ^-} for s G T± since on T± we have n+kei < | arg(s(i(l + cr)) k )\ < tt. Using these 
estimates and (fT7|) in (|4*2]) we deduce that for t € S± we have 

| / \<MxR- m (»\t\r N exp(\t\(l + »)/p) k }, 
Jr Q 

| / | < M 2 R- m (p\t\)- N [°° exp{-|t| fc (l - ^) fc |s| sin ^}d\s\ 
Jr ± Jo 2 

and thus 

G (N) (t) 

\^^\<AI 3 R~ m (p\t\)- N {\t\- k + exp(\t\(l + p)/p) k } (43) 

Here t £ Si and Mi, M2, M3 are some positive constants. We use this estimate for \t\ > p m /2 
and (jUJ for |i| < p m /2. Then we get for t E (Si U A(p m /2)) 

G (7V) m 

< M 4 i?r<^exp(|i|i?3) fe (44) 
where M4, Rx, R2 and i?3 are positive constants. 

6.2 Estimates for <7q(.z) in a subsector of 5 

We use the Laplace representation for gQ\ 

/•oo:8 roo:k(8— arg z) 

g Q (z) = g Q (0) + / e'^ k G Q (t)dt k = g Q (0) + z k / e- s G Q (zs l l k )ds 
Jo Jo 

for arg z E [a + 2ei,/3 — 2ei] and |z| sufficiently small where " + 2T + 61 < $ < — ^ — 
ei, |0 — arg z\ < ^ — ei. From this we deduce 



AT! 
where 



1 /)\n /-oo:A:(0-arg2;) 

~ (A °(z) = / e- s G(z,s)& (45) 
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With (J33J) we obtain 

1 jj /LA poo:k(0— arg 2) 



As \6 — argz\ < ^ — e\ we have > |s| sin(/cei) on the path of integration. Let \z\ < 
(^^-) 1 / k /R 3 =: p'. Then \(zR 3 ) k s\ - Us < -(\s\ sin(Jfeei))/2 and therefore 



*» / 7 \ coo 



;— n \ / 



=0 

From this we deduce 



^JV / e -(| a |Bto(fcei))/2| a |(iV-i)/fcj d | a |_ 




^l$°(*)l ^ cncv^frx^ + 1} (46) 

for 2 G S2 tl (p') (cf. pOjl). Here Ci and C2 are positive constants. 
6.3 End of proof of theorem 14.11 

Since -§prg(z,y) = J^Qen™ 9q \ z )y® we obtain with the help of iffify 
1 F) N N 

< E r ( T + 1)^(^/^)^11/1™. ( 47 ) 

QeN™ 

provided the righthand side converges and where m = \Q\ and z £ S2 ei (p')- Now use Q 
and the diophantine condition (jT7|) in (|17j) and obtain for 6 S^ljo') 

I M ^(*»V)I < r ( T + l^c"^" 1 £ m^dMr. (48) 

m=l 

Finally we use that for < 5 < 1 there exist positive constants C3 and C4 such that for 
|a;| < 1 — S and p > 

00 

I m^ m | < C 3 C%T(n) (49) 

771=1 

(cf. proof below). So the series in the righthand side of (|4T|) converges for \y\ < R' := 
Combining (|48|) with (|49[) and Stirling's formula we see that there exists a positive constant 
C5 such that 

1 r}^ 1 

• ' rg(z,y)\ < C?Tfa + T )N) (50) 



l Nldz NyK - 5 vw fe' 
if |y| < i?', 21 € S2 ei (p')- This proves the Gevrey property in theorem 14.11 for sufficiently 
small positive e and this suffices. 

Proof of (@!J): Let the lefthand side of (HHJ) be denoted by F(p,x) where |x| < 1. We 
apply Hankel's formula 

— I e ms s-»~ l ds 



T(p + 1) 2m J T 
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to get 



™ - ^ / r — - Sr- 1 ^- 

JL m=l JL 

Here T is a contour from ooe~ m to ooe m turning once around in the positive sense such 
that |e s x| < 1 on r. If \x\ < 1 — 8 we may choose V such that it consists of the circle 
\s\ = - and the parts of the half lines args = ±7r outside this circle. Then it is easy 

to estimate the integral by / ft with some positive constants C3 and C4 and (|49|) 
follows. 
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